Kuroda's formula relates the class number of a multi-quadratic number field K to the class numbers of its quadratic subfields k i . A key component in this formula is the unit group index
Introduction
The purpose of this paper is to study Kuroda's class number formula [10, 8, 9] for real biquadratic fields from the standpoint of arithmetic statistics. The formula is as follows: let K be a normal, totally real extension of Q with Gal(K/Q) isomorphic to the Klein fourgroup C 2 × C 2 , let k 1 , k 2 , and k 3 be the three quadratic subfields of K, let h(K) (resp., h(k i ), i = 1, 2, 3) denote the largest power of 2 dividing the class number of K (resp., of k i , i = 1, 2, 3), and let Q(K) denote the unit group index defined as
In general, the index Q(K) can be 1, 2, or 4 [10] . A particular choice of K that is natural from the standpoint of Gauss's genus theory and that appears in the literature [14, 15, 1, 2, 17, 18, 12] is
where p is a prime number and d is a positive squarefree integer coprime to p. With this choice of K, we can now ask more precise statistical questions pertaining to the arithmetic objects appearing in (1.1). For instance, if we fix a positive squarefree integer d and i ∈ {1, 2, 4}, then we may wish to determine the natural density, if it exists, of prime numbers p such that Q(K) = i. In analogy with numerous works on 2-parts of class groups (see for instance [3, 4, 16 ) denote the 2-Hilbert class field (resp., the narrow 2-Hilbert class field) of K d 1 ,...,d k , i.e., the maximal unramified at all primes (resp., at all finite primes) abelian 2-power-degree extension of K d 1 ,...,d k . Hence, by class field theory, the Artin map induces canonical isomorphisms For a finite abelian group G, a prime number ℓ, and an integer k ≥ 1, we define the ℓ k -rank of G to be the non-negative integer
For an integer n ≥ 1, let C n denote the cyclic group of order n. Let O L denote the ring of integers of a number field L. Finally, throughout this paper we will let d denote a positive squarefree integer having exactly t distinct prime factors, we will let p denote a prime number coprime to d, and we will let m d,p denote the number of primes dividing d that split completely in K p /Q. We aim to study the natural density of the fibers of the map φ d : p → Q(K d,p ). Since the Chebotarev Density Theorem is a ready-made tool for studying densities of prime numbers, it is of particular interest to determine when the map φ d is Frobenian, i.e., when there exists a normal extension M d /Q, called a governing field, and a class function 4 Cl + (dp) = 0.
We then have
, and h(dp) = h + (dp) = 2 t , so that the formula (1.1) becomes
We will first prove that 4 Cl + (dp) = 0. Then Cl 
Let m ∈ {0, 1, . . . , t − 1}, let P d,m denote the set of prime numbers p that are coprime to d, congruent to 1 modulo 4, satisfy rk 4 Cl + (dp) = 0, and satisfy m d,p = m. Then
Our main "statistical" result about Q(K d,p ) is the following theorem.
Theorem 2. With notation as in Conjecture 1, the map
is Frobenian for m = t − 1 and m = t − 2. Moreover, Conjecture 1 holds for m = t − 1 and m = t − 2, and, for all m ∈ {0, 1, . . . , t − 3}, we have lim sup
Let d be a positive squarefree integer as in the introduction and Theorems 1 and 2 and let p be a prime number in P d,m . We begin by constructing an unramified at all finite primes C t+m−1 2 -extension of K p,d and stating a criterion for this extension to be totally positive. The methods to do so are classical by now. So as not to be overly repetitive, we will try to quote the work of Fouvry and Klüners [5] whenever possible. Later, in the course of constructing certain unramified at all finite primes C 4 -extensions of K d,p and deriving a criterion for them to be totally real, we will do genuinely new work to generalize the aforementioned methods.
Let q 1 , . . . , q t be the prime divisors of d. We may reorder the q i so that
First, genus theory for the quadratic number field
and D 2 = p, we can choose x i , y i , z i ∈ Z satisfying the ternary quadratic equation
i , py 2 i , and q i z 2 i are pairwise coprime, y i , z i ≥ 0 (ii) x i odd, and one of y i and z i is even, and (iii) x i − y i ≡ 1 mod 4 if y i is even and x i − z i ≡ 1 mod 4 if z i is even. We define 
extension, and so, upon taking the compositum over all 1 ≤ i ≤ m and also with K p,q 1 ,...,qt , we find that
is normal over K p with Galois group isomorphic to C t+m 2
. We hence conclude that over K −1 , a field containing a primitive fourth root of unity. Suppose that p and q i split into primary primes as p = ππ and q i = ρ i ρ i in the ring of Gaussian integers O K −1 (assume for the moment that q i = 2). Then, since πO K −1 and ρ i O K −1 are primes of degree 1, we have
Quartic reciprocity law [7, Theorem 2, p 123] implies that
and
Hence we have proved that when 2 ∤ q 1 . . . q m , E d,p is totally real if and only if p splits completely in the number field 
. Thus, if q 1 · · · q m is even with q 1 = 2, say, then again E d,p is totally real if and only if p splits completely in M 2;d , where now ρ 1 = 1 + √ −1 ∈ K −1 . Define P d,m as in Conjecture 1 and suppose the prime p as above is an element of P d,m . It follows from Rédei's classical work on the 4-rank of class groups of quadratic fields [13] that the condition rk 4 Cl + (dp) = 0 can be detected by the Frobenius conjugacy class of p in the abelian Galois group Gal(K q 1 ,...,qt /Q); furthermore, since p splits completely in K q 1 ,...,qm /Q, the condition rk 4 Cl + (dp) = 0 is in fact equivalent to Frob Kq m+1 ,...,q t /Q (p) belonging to some fixed subset Σ ⊂ Gal(K q m+1 ,...,qt /Q). For each element σ ∈ Σ, let P d,m,σ be the set of p in
..,qm ] = 2 m , the Chebotarev Density Theorem implies that, for each σ ∈ Σ, the natural density of primes p in P d,m,σ such that E d,p is totally real is equal to 2 −m . Taking the union over all σ ∈ Σ, we deduce also that the natural density of primes p in P d,m such that E d,p is totally real is equal to 2 −m . In conjunction with Theorem 1, since H 3 The 4-rank of Cl
Define α i as in (2.1). Let α i be the conjugate of α i in K p . Let q i be a prime above q i in K p and q i be its conjugate if i ≤ m, so that α i O Kp factorizes into q i times a square ideal.
, where e i , e ′ i , f i ∈ {0, 1}; and
for all finite and infinite primes r in O Kp .
-extension unramified at all finite primes and containing
• (a, d/a) r = 1 for all finite and infinite primes r in O Kp .
Proof. Since K p has odd class number, it has no non-trivial cyclic extensions that are unramified at all finite primes. This follows from the proofs of [5, Lemma 15] and [5, Lemma 17] with Q replaced by K p .
The set of decompositions of second type form a multiplicative group in
Generalised Rédei matrix
Similar to [5, Lemma 13] , the condition (a, d/a) r = 1 for all finite and infinite primes r in O Kp is equivalent to the following conditions
• a > 0;
• Frob Kp,a/Kp (q) = 1 if ord q (da) is odd; and
Rational decompositions of second type
Consider the subset of decompositions of second type where a ∈ Q, a > 0. Studying the splitting of primes in the C 2 2 -extension K a,p /Q, we see that the condition (a, d/a) r = 1 for any prime ideal r in K p is equivalent to asking for each prime q | d with
Writing a as a product of q i , the conditions can be packaged in a matrix over F 2 . Define
where the subscript + denotes the conversion of each entry from {±1} to {0, 1}. Then ker B 0 corresponds to the set of decompositions of the second type. The size of the matrix implies that dim ker
Combining with the fact that
) has size at least 2 2t−2 .
General decompositions of second type
Now consider all decompositions of second type for K d,p . The set of decompositions of the second type a is given by the kernel of the matrix
The matrix A has the same rank as
In particular, when B 0 has maximal rank m and m < t, rank B = 2 rank B 0 , then the dimension of ker B = (t + m) − 2m = t − m, and so rk 4 Cl
The vanishing of the 8-rank of Cl
In the following lemma, let Cl(L) denote the class group of a number field L.
Lemma 3.2. Let K be a biquadratic number field with quadratic subfields
Proof. Take a prime ideal P in O K above prime p. It suffices to show that the order of [P] 2 ∈ Cl + (K) divides the order of some ideal class in Cl + (k i ). We split into three possible cases according to the splitting of p in K.
Suppose p is inert in k 1 , k 2 and splits in k 3 . Let p be an ideal below P in k 3 . Since P = pO K , if p l is principal in k 3 , then P l must also be principal in K. Therefore the order of
. Now suppose p ramifies in k 1 and k 2 . Let p be an ideal below P in k 3 . Since P 2 = pO K , the order of Proof. The quadratic subfields of the biquadratic field K d,p are K d , K p , and K dp . By assumption on d, we have rk 4 Cl + (d) = 0. We have rk 2 Cl + (p) = 0 and so also rk 4 Cl + (p) = 0. By definition of P d,p , we have rk 4 Cl + (dp) = 0. The result now follows from Lemma 3.2.
Proof of Theorem 1
The lower and upper bounds from Sections 3.1.1 and 3.1.2, respectively, yield
In conjunction with Lemma 3.3, we conclude that
Construction of H
In this section, we will give an explicit construction the narrow 2-Hilbert class field H
2). This follows from the upper bound on the 4-rank of Cl
When m ≤ t − 2, we will construct certain unramified at finite primes C 4 -extensions of K d,p by working over K p . In general, this does not lead to simple criteria for H + d,p to be totally real. When m = t − 2, then we can construct the unramified at finite primes C 4 -extension of K d,p by working over Q, and in this case we can find a criterion for H + d,p to be totally real that is amenable to density computations.
Constructing unramified C 4 -extensions
We use the following proposition to show that certain extensions are unramified. 
is solvable for some X ∈ L.
Lemma 4.2. Suppose that a | d and that a is even if d is even. Let p ≡ 1 mod 4 be a prime. Suppose that
is solvable for some X, Y, Z ∈ K p . Then there exists a solution such that
that is unramified at all finite primes.
More specifically, β can be taken such that
• gcd((X), (Y ), (Z)) is a square ideal,
• X, Z are coprime with 2 and 2 | Y ,
Proof. Our goal is to find a suitable β = X + Y √ a that satisfies the requirement in Proposition 4.1. Let σ be the generator of Gal(K p /Q). Clearing denominators we can assume X, Y, Z ∈ O Kp . Since the fundamental unit in K p has norm −1, we can take x, y ∈ Z satisfying x 2 − py 2 = −1 and set u = x + y √ p. Looking at x 2 − py 2 ≡ −1 mod 4 we see that x is even and y is odd, so u = x + y √ p ≡ ± √ p mod 4 in O Kp . Choosing β to be coprime to 2. Removing factors of 2 we can assume 2 divides at most one of X, Y, Z. If p ≡ 5 mod 8, then 2 is inert in K p so at most one of X, Y, Z is even.
If p ≡ 1 mod 8, then 2 splits in K p . Then
are both even but defer by 2, so one must be congruent to 2 mod 4. Say γ is the element from above with norm 2 mod 4. Then exactly one of the primes above 2 divides γ with order 1, call this prime t.
Repeat the same for the ideal t σ . Then we can assume that no prime above 2 divides gcd((X), (Y ), (Z)). Therefore at least one of X, Y, Z is coprime with 2.
We have X 2 = 2Y 2 + Z 2 mod 4 when a is even, and X 2 = Y 2 + Z 2 mod 4 when a is odd, we see that the possible combinations are
The cases (4.3) and (4.4) are only possible when p ≡ 5 mod 8. For if p ≡ 1 mod 8, the norm of ω and ω ′ are (1 − p) 2 /16, which is even, contradicting with the assumption that at least one of X, Y, Z is coprime with 2.
For case (4.5), one can obtain another solution to (4.1) that satisfies one of (4.2), (4.3), (4.4). Without loss of generality assume Z 2 ≡ ω mod 4. Since X 2 ≡ 1 mod 4 implies X ≡ ±1 or ± √ p mod 4, multiplying X, Y, Z by a suitable δ ∈ {±1, ±u}, we can also assume X ≡ 1 mod 4. Let t denote the prime above 2 such that t | Y , then t σ | Z and t, t σ ∤ X. Take
Therefore Z + Z σ ≡ 1 mod 4 and ZZ σ ≡ 0 or 2 mod 4. Pick the sign such that N(X ′ ) ≡ N(Z ′ ) ≡ 2 mod 4. Then ord t X ′ = ord t Z ′ = 1 and t σ ∤ X ′ Z ′ . Carry out the reduction as before we can obtain new X ′ and Z ′ that are both coprime to 2. Therefore we can assume X is always coprime with 2 and exactly one of Y, Z is coprime with 2.
If X, Y are coprime with 2 and 2 | Z, the transformation (4.6) give X ′ , Z ′ that are coprime to 2 and 2 | Y ′ . Therefore we can always take X, Z coprime to 2 and 2 | Y . In particular βO K d,p,a is coprime to 2 since its norm is odd.
Choosing β to be a square ideal. Let h be the class number of K p , which is odd. If ord p (gcd((X), (Y ), (Z)) is odd for some prime ideal p, we can multiply X, Y, Z by some γ, where γ satisfies p h = (γ). Remove any rational prime p dividing gcd((X), (Y ), (Z)). Therefore we can assume gcd((X), (Y ), (Z)) is a square ideal involving only prime ideals above odd primes that splits in K p /Q. For each odd prime p that splits in K p /Q at most one of the primes above p can divide gcd((X), (Y ), (Z)) .
Suppose there exists an odd prime dividing βO K d,p,a , then there must be a prime P below in O Kp,a dividing βO Kp,a . Without loss of generality assume P ∤ d/a, otherwise consider the prime in O K p,d/a and interchange the roles of a and d/a in the following. Let p is a prime in K p below P. Taking norms to K p we have p | Z 2 d/a, so p | Z. But p cannot divide both X and Y with an odd power, otherwise p divides gcd((X), (Y ), (Z)) with an odd power, so pO Kp,a cannot divide β with an odd power. Let τ be the generator of Gal(K p,a /K p ).
implies that ord P β is even. Therefore βO K d,p,a has even valuation at odd primes. Choosing β to be a square modulo 4. We now handle the ramification at 2 in cases (4.2), (4.3) and (4.4). First suppose a is odd so a ≡ 1 mod 4. We assumed 2 | Y so 
is a square modulo 4, and u(1
Therefore there exist δ ∈ {±1, ±u} such that δ(X − Y ) is a square modulo 4. Replace X, Y, Z by δX, δY, δZ then β is a square modulo 4. Case (4.4) is similar. Now suppose a is even so a ≡ 2 mod 4. In cases (4.2), (4.3) and (4.4), similar to above there exists δ ∈ {±1, ±u} such that
Recall from Sections 3.1.1 and 3.1.2 that the space of decompositions of the second type has dimension equal to t − m inside the F 2 -vector space
. . , a t−m−1 , d denote a basis for this space, with a i |d, and let β 1 , . . . , β t−m−1 denote the corresponding solutions constructed in Lemma 4.2. Then we can realize H + (d, p) as the field
where E d,p is defined in (2.2).
The case m = t − 2
Throughout this section, we take m = t − 2, so that q 1 , . . . , q t satisfies
is solvable for x, y, z ∈ Q.
Proof. Since rank B 0 = t − 2, dim ker B 0 = t − (t − 2) = 2. We can pick (e 1 , . . . , e t ) ∈ ker B 0 \ {{0, . . . , 0}, {1, . . . , 1}}. Take a = q
When d is even, 2 is one of q 1 , . . . , q t−2 if p ≡ 1 mod 8, and one of q t−1 , q t if p ≡ 5 mod 8, so (4.8) still holds. Without loss of generality assume q t−1 | b, otherwise interchange a and d/a. Since rk 4 Cl + (d) = 0 and rk 4 Cl + (dp) = 0, there are no decompositions of second type for K d or K dp , so
Therefore q t | a. Again a cannot give a decomposition of second type for
Therefore (pa, pb) r = 1 for any prime r ≤ ∞.
Since the 2-part of the class group and narrow class group of K p are both trivial, the fundamental unit in K p has norm −1, we can take u, v ∈ Z satisfying
Looking at u 2 − pv 2 ≡ −1 mod 4 we see that u is even and v is odd, so u + v √ p ≡ ± √ p mod 4O Kp . Replacing v with −v if necessary we can assume v − u ≡ 1 mod 4, so that u + v √ p ≡ √ p mod 4O Kp . From u 2 − pv 2 ≡ −1 mod 8, we see that this choice implies If we take some β = (
, where x, y satisfy (4.7), then
We claim that when β is chosen appropriately, the
Lemma 4.5. Let d ∈ Z be a squarefree and has no prime factors congruent to 3 mod 4. Suppose a | d and a is even if d is even. Let p ≡ 1 mod 4 be a prime. Suppose (4.7) is solvable for some x, y, z ∈ Q. There exists x, y, z ∈ Z satisfying (4.7) such that
• gcd(x, y, z) = 1,
• x, z are odd and y is even, and
at all finite primes.
Proof. Our goal is to find a suitable β = X + Y √ a that satisfies the requirement in Proposition 4.1. Let σ be the generator of Gal(K p /Q). Clearing denominators we can assume x, y, z ∈ Z. Choosing β to be coprime to 2. Removing factors of 2 we can assume 2 divides at most one of x, y, z. Taking px 2 − ay 2 = d a z 2 mod 4, we see that x must be odd and one of y, z is even. If d is even, a ≡ 2 mod 8 so y must be even. Now suppose d is odd. If x, y are odd and z is even, then we can take instead
as another set of solution to (4.7). Therefore we can always take x, z odd and y even. In particular βO K d,p,a is coprime to 2 since its norm
is odd. Choosing β to be a square ideal. We can assume gcd(x, y, z) = 1 by removing any common divisors.
Suppose there exists an odd prime dividing βO K d,p,a , then there must be a prime P below in O Kp,a dividing βO Kp,a . Without loss of generality assume P ∤ d/a, otherwise consider the prime in O K p,d/a and interchange the roles of a and d/a in the following. Let p is a prime in K p below P. Taking norms to K p we have p | z 2 d/a, so p | z. But p cannot divide both x and y, so pO Kp,a cannot divide β. Then ord P β = ord P z 2 = 2 ord p z is even. Therefore βO K d,p,a has even valuation at odd primes.
Choosing β to be a square modulo 4. First suppose a is odd so a ≡ 1 mod 4. We assumed y is even so
Since x is odd and y is even, taking −x instead if necessary, we can assume x − y ≡ 1 mod 4. Then β is a square modulo 4 in O K d,p . Now suppose a is even so a ≡ 2 mod 4. Taking −x instead if necessary, we can assume
Since y is even, y 2 /2 ≡ y mod 4.
Take ( 
Proof of Theorem 2
Recall that we proved the cases m = t−1 and the upper bound in the second half of Theorem 2 at the end of Section 2. It remains to prove the case m = t − 2 of Theorem 2.
Construction of a governing field
We start by converting the criterion in Lemma 4.7 to a splitting condition in a suitable governing field. If p is a prime number congruent to 1 modulo 4, then we can write p = ππ for some π ≡ 1 mod
, so that an integer n is a fourth power modulo p exactly when it is a fourth power modulo π. For each 1 ≤ i ≤ t, fix ρ i such that q i = ρ i ρ i with ρ i ≡ 1 mod (1 + i) 3 if q i ≡ 1 mod 4, and take
Using quartic reciprocity as well as the fact that
Now suppose a is even, write a = 2a 0 . Define
Note that the assumption that a is even and (ap, bp) 2 = 1 implies p ≡ b mod 8. 
We let 
Computation of densities
+ (d) = 0, and that P d,t−2 is the set of prime numbers p such that
• rk 4 Cl + (dp) = 0, and
• there are exactly t − 2 indices i ∈ {1, . . . , t} such that
For each subset Ω ⊂ {1, . . . , t} of cardinality t − 2, let P d,t−2,Ω denote the set of p ∈ P d,t−2 such that If Ω 1 and Ω 2 are two distinct subsets of {1, . . . , t} of cardinality t − 2, then there exists i ∈ Ω 1 \ Ω 2 , and so every prime p ∈ Ω 2 satisfies q i p = −1, which means that p / ∈ Ω 1 . Hence the union above is disjoint, and so, to prove Theorem 2, it suffices to prove for each Ω that the map
is Frobenian, with governing field M Ω , say, and that lim X→∞ |{p ∈ P d,m,Ω : p ≤ X, Q(K d,p ) = 2}| |{p ∈ P d,m,Ω : p ≤ X}| = 1 2 t−1 , whenever P d,t−2,Ω is non-empty. Then one can take the compositum M = Ω M Ω as a governing field for the map P d,t−2 → {1, 2} given by p → Q(K d,p ). If P d,t−2,Ω is the empty set, then we may take M Ω = Q. Otherwise, by re-numbering the indices, we may assume without loss of generality that Ω = {1, . . . , t − 2}.
First, if p ∈ P d,t−2,Ω , then Conversely, any prime p that splits completely in E but not in L = E K qt = K −1,q 1 ,...,qt belongs to P d,t−2,Ω . Hence, letting σ denote the element in Gal(L/Q) that fixes √ −1 and √ q i for 1 ≤ i ≤ t − 2 and that sends √ q i to − √ q i for i = t − 1, t (i.e., σ is the non-trivial element of Gal(L /E )), we see that p ∈ P d,t−2,Ω if and only if Frob L /Q (p) = σ. Next, note that Lemma 4.3 yields the same decomposition a, b = d/a for K d,p 1 and K d,p 2 for any two primes p 1 , p 2 ∈ P d,t−2,Ω . Also note that K −1,d ⊂ E , so, for primes p that split completely in E , the final result of the previous section can be restated as and observe that there is a unique element τ (a, b) ∈ Gal(M /E ) ⊂ Gal(M /Q) depending on a and b such that for every prime p, the three conditions listed above are equivalent to the condition that Frob M /E (p) = τ (a, b), where p is any prime of E lying above p. Note also that Gal(M /E ) ∼ = C t 2 . Applying the Chebotarev Density Theorem to M /E and L /E , we get 
